We study three properties of 1/4 BPS dyons at small charges in string compactifications which preserve N = 4 supersymmetry. We evaluate the non-trivial constant present in the one loop statistical entropy for N = 4 compactifications of type IIB theory on K3×T 2 orbifolded by an order Z N freely acting orbifold g including all CHL compactifications. This constant is trivial for the un-orbifolded model but we show that it contributes crucially to the entropy of low charge dyons in all the orbifold models. We then show that the meromorphic Jacobi form which captures the degeneracy of 1/4 BPS states for the first two non-trivial magnetic charges can be decomposed into an Appell-Lerch sum and a mock Jacobi form transforming under Γ 0 (N ). This generalizes the earlier observation of Dabholkar-Murthy-Zagier to the orbifold models. Finally we study the sign of the Fourier coefficients of the inverse Siegel modular form which counts the index of 1/4 BPS dyons in N = 4 models obtained by freely acting Z 2 and Z 3 orbifolds of type II theory compactified on T 6 . We show that sign of the index for sufficiently low charges and ensuring that it counts single centered black holes, violates the positivity conjecture of Sen which indicates that these states posses non-trivial hair.
Introduction
One of the successes of string theory as a theory of quantum gravity lies in its microscopic understanding of the Bekenstein-Hawking entropy. In [1] it was shown that the statistical entropy of a system of branes carrying the same quantum numbers of the black hole agrees precisely with that of a class of extremal black holes in 5 dimensions. In 4 dimensions, starting with the original work of [2] , the degeneracies of 1/4 BPS dyons in heterotic string theory compactified on T 6 and its generalizations to CHL compactifications [3] provide examples where a precise formula for the microscopic degeneracies of extremal black holes in known. The degeneracy of dyons or more precisely an index can be obtained from the Fourier coefficients of the inverse of an appropriate Sp(2, Z) Siegel modular form. On taking the large charge limit of the index, the logarithm of the index agrees precisely not only with the Bekenstein-Hawking entropy of the corresponding black hole with the same charges, but also with the sub-leading correction given by the Wald's generalization of the Bekenstein-Hawking formula [4, 5] 1 .
Given the success of the microscopic formula for the degeneracies of dyons in the large charge limit, it is natural to study its properties for dyons with small charges. This will hopefully provide more intuition on how a geometric description for the dyons in terms of metric can arise. In this paper we study three properties 1/4 BPS dyons in a class of N = 4 compactifications of string theory. These compactifications arise from considering type IIB theory on K3 × T 2 orbifolded by by g which acts as an Z N automorphism on K3 together with a 1/N shift on one of the circles of T 2 . This class includes all the CHL compactifications as well as more general ones where g corresponds to conjugacy classes of the Mathieu group M 23 . The orbifolds we study are listed table 1. The partition function of dyons in terms of inverse of a Siegel modular forms for these compactifications were constructed in [8, 9] . We also study certain Z 2 , Z 3 compactifications of type II theory on T 6 .
The degeneracy in the large charge limit is obtained by evaluating the leading saddle point of an integral and its one loop correction. The integral extracts out the Fourier coefficient of the inverse Siegel modular form. Let us call the logarithm of this saddle point approximation for the degeneracy S (1) stat (Q, P ) for definiteness where Q and P are the electric and magnetic charges of the dyon. It is S (1) stat that agrees with the Bekenstein-Hawking formula and its generalization by Wald evaluated on a dyonic extremal black hole with the same set of charges. In [6] and [10] , S (1) sat was compared with the exact degeneracy of dyons at low charges 2 . For the N = 4 heterotic string theory on T 6 or equivalently type IIB theory on K3 × T 2 it was seen that S (1) sat remarkably agrees with the exact degeneracy to within 2% even for the lowest admissible charge. We re-evaluate S (1) sat in this paper for all N = 4 compactifications arising as g orbifolds of K3 × T 2 with g given in table 1 keeping track of a constant C 1 in S (1) sat . This constant is trivial that is, ln C 1 = 0, for the un-orbifolded compactification on K3 × T 2 and was not determined earlier for the orbifolds. We then compare the statistical entropy at one loop S (1) sat to the exact degeneracy and show that the constant plays a crucial rule. In fact without C 1 , the agreement with the exact degeneracy at low charges is off by more that 50% in most cases. The reader can directly go to tables 5 to 15 to appreciate the presence of C 1 in S (1) sat . The constant C 1 also contributes to all the subsequent saddle points. To demonstrate this, we evaluate the correction to S (1) sat from the second saddle point for the 2A orbifold. We then briefly discuss the implication of this constant for the geometric description of the dyons.
The second property we study of low charge dyons is the Fourier-Jacobi coefficients of the inverse Seigel modular form at fixed magnetic charge of the dyon. The Fourier-Jacobi coefficients enumerate the degeneracy of dyons for arbitrary electric charge and angular momentum but at fixed magnetic charge. We study the case of the first two non-trivial magnetic charges. We show that these Fourier-Jacobi coeffi-cients are meromorphic Jacobi-forms which can be decomposed into an Appell-Lerch sum, the polar part and a finite term which is a mock modular form. The finite part captures the degeneracy of single centered dyons. We perform this decomposition for all the orbifolds listed in table 1. This decomposition was done in [11] for the un orbifolded theory to reasonably high magnetic charges. For the CHL orbifolds corresponding to pA with p = 2, 3, 5, 7 at zero magnetic charge P 2 = 0 was done in the appendix A.5 of [12] . In this paper we have generalized these observations to all the other CHL orbifolds as well as the others in table 1 to the first non-trivial order P 2 = 2. We observe that at this order there is a crucial identity among meromorphic Jacobi forms 3 that allows us to use the decompositions found by [11] . In fact for all the orbifolds we show that the mock modular form that occurs at the level of P 2 = 2 is the Hurwitz-Kronecker class numbers found by [11] for the un orbifolded theory. Thus our analysis generalizes these observations to all the orbifolds..
Finally we examine the 1/4 BPS dyons in orbifolds of type II compactifications on T 6 which preserve N = 4 supersymmetry. These theories were originally constructed in [13] and the partition function of dyons in these theories was obtained in [14] . Our objective to study these models is to examine the positivity conjecture of [15] on the Fourier coefficients of the inverse Siegel modular forms which correspond to dyon partition functions. The crucial assumption that goes in to the positivity conjecture of [15] is that if the charges of the dyon is such that it is single centered, then the only sign to the index evaluating of the 1/4 BPS state arises from the fermionic zero modes that arise due to the breaking of N = 4 supersymmetry by the dyon. This is because the single centered dyon is assumed to be spherically symmetric and therefore carries zero angular momentum. We study the signs of the Fourier coefficients that arise in the partition function of dyons of the Z 2 and Z 3 orbifolds of type II compactifications on T 6 . We show that when the charges satisfy the condition that the dyon is single centered the sign of the index violates the positivity conjecture of [15] . We also use the criteria of subtracting out the polar part in the Fourier-Jacobi decomposition to identify the single dyons given a fixed magnetic charge and show that there are violations of the positivity conjecture. In fact we show that there is an infinite class of dyons which are single centered as well with magnetic charge P 2 = 2 which violate the positivity conjecture in the Z 2 orbifold. These observations indicate the these dyons might posses hair modes which contribute to the sign of the 1/4 BPS index. This was one of the suggested ways, the positivity conjecture of [15] might be violated.
The common thread which runs through these results is that the all these properties are found at low charges of dyons and in orbifold models of N = 4 compactifications. We see that there is more to be learned about 1/4 BPS dyons and their geometric description as black holes.
The organization of the paper is as follows. In section 2, we compare the statistical entropy of low charge dyons and the exact degeneracies for all orbifolds models given in table 1 and show that the constant C 1 contributes crucially to the entropy to S (1) stat . In section 3 we decompose the Fourier-Jacobi coefficient that occur in the expansion of the inverse Siegel modular form for the first two non-trivial magnetic charges but arbitrary electric and magnetic charge in terms of an Appel-Lerch sum and a mock modular form. This is performed in detail for the 2A orbifold. In section 4 we study the violation of the positivity conjecture by the Fourier coefficients of the Z 2 and Z 3 toroidal orbifolds. Section 5 contains our conclusions. Appendix A contains the details regarding evaluating the constant C 1 .
Degeneracy and statistical entropy at small charges
Consider N = 4 string compactifications obtained by considering type II B theories on K3 × T 2 /Z N where the Z N acts as a automorphism g on K3 together with a 1/N shift on one of the circles of S 1 . The action g corresponds to the 26 classes of the Mathieu group M 23 . For eg. The classes pA with p = 2, 3, 4, 5, 6, 7, 8 are known as Nikulin's automorphism. These compactifications are also known as CHL compactifications and they were introduced first as generalizations of models which dual to heterotic string compactifications with N = 4 supersymmetry [16, 17] . Essentially these compactifications reduce the rank of the gauge group but preserve N = 4 supersymmetry.
These CHL compactifications admit quarter BPS dyons. Let the charge vector for these dyons be ( Q, P ) in the heterotic frame. Let d( Q, P ) denote the difference between the number of bosonic and fermions quarter BPS multiplets. In the region of moduli space where the type IIB theory is weakly coupled, d( Q, P ) is given by
The contour C is defined over a 3 dimensional subspace of the 3 complex dimensional space (ρ =ρ 1 + iρ 2 ,σ =σ 1 + iσ 2 ,ṽ =ṽ 1 + iṽ 2 ).
Here M 1 , M 2 , M 3 are positive numbers, which are fixed and large and
The functionΦ, occurring in integrand is a Siegel modular form transforming under a subgroup of Sp(2, Z) with weight k. Explicitly, it is given bỹ
Here N is the order of the orbifold g . The coefficients c (r,s) b are read out from the expansion of the elliptic genus of K3 twisted by the action of g . The twisted elliptic genus of K3 and its expansion is defined by
The trace in the above equation is taken over the Ramond-Ramond sector of the N = (4, 4) super conformal field theory of K3 with central charge (6, 6) and F refers to the Fermion number. The twisted elliptic genera for the g belonging to all the conjugacy classes of M 23 ⊂ M 24 has been evaluated in [9, 18] . They take the form
A(τ, z) and B(τ, z) are Jacobi forms that transform under SL(2, Z) with index 1 and weight 0 and −2 respectively. The α (r,s) g in (2.5) are numerical constants and β (r,s) g are weight 2 modular forms which transform under Γ 0 (N ). For all g corresponding to the conjugacy classes listed in table 1, the list of the twisted elliptic genera can be found in appendix E of [9] . We refer to the classes 2A, 3A, 5A, 7A, 4B, 6A, 8A as the CHL orbifolds.
The weight k, of the Siegel modular form is given by
The weights of the Siegel modular forms corresponding to the twisted elliptic genera constructed in this paper is listed in Now using the twisted elliptic genera and product form for the Siegel modular form in (2.3) we can obtain d( Q, P ) as defined by its Fourier expansion in (2.1) for low values of the charges. For sufficiently large values of charges, the integral in (2.1) can be performed by evaluating the leading saddle point. The behaviour of the Siegel modular formΦ at the saddle point is determined by another modular formΦ which is related to by a Sp(2, Z) transformation. Consider the transformatioñ
with inverse
The saddle point is located at v = 0. This transformation results in the change of measure which is given by
Substituting this transformation we obtain
.
Here the variables (ρ,σ,ṽ) are now thought of functions of the variables (ρ, σ, v). The contour is also correspondingly mapped. Now the Siegel modular forms constructed from the twisted elliptic genus of K3 corresponding satisfy the relatioñ
As shown in [5] , this property results from the following equation satisfied by the twisted elliptic genera
In [5] it was verified that this property holds for all the orbifolds belonging to the class pA with p = 1, 2, 3, 5, 7. We have verified that this property remains to be true for all the orbifolds g listed in table 1. This includes all the CHL orbifolds in addition to the new ones in the conjugacy class of M 23 . Now using (2.13) with the transformation (2.9) we obtaiñ
The last line defines the modular functionΦ k related toΦ k by the Sp(2, Z) transformation. For the case of the unorbifolded K3, k = 10 and since the Igusa cusp form is uniqueΦ 10 coincides withΦ 10 and the constant C 1 = 1. Thus the leading saddle point is determined by the behaviour of the new modular formΦ k at v → 0. Here C 1 is constant which is non-trivial for all the orbifolds in table 1 and we will show it plays an important role 4 . It can be shown using the product representation ofΦ k that at v → 0Φ
where g(τ ) is a specific Γ 0 (N ) form for each of the orbifold g of weight k + 2 For example for the 2A orbifold
The list of the function g(τ ) for each of the orbifolds is given in table 3. This was obtained for pA, p = 2, 3, 5, 7 orbifolds in [19] and for the remaining orbifolds of table 3 in [9] Conjugacy Class 
The end result of evaluating the saddle at v = 0 and the one loop determinant is the following. Let us define the statistical entropy by
To obtain the result of S stat we need to consider the statistical entropy function
(2.19) where τ = τ 1 + iτ 2 . Then the statistical entropy is obtained by evaluating S(τ ) at its extremum τ extremum S
The superscript (1) refers to the fact that the statistical entropy is obtained at one loop from the leading saddle. Note the presence of the constant C 1 in the statistical entropy function (2.19) , this is the constant that relates the generating function for the degeneraciesΦ k and its Sp(2, Z) transformΦ k as given in (2.15). As mentioned earlier, C 1 = 1 for the unorbifolded K3 × T 2 compactification, and therefore there is no contribution from this term to the statistical entropy function.
Our goal in the rest of this section is to evaluate this constant and compare its contribution in S (1) stat to the exact entropy S stat = ln d( Q, P ). We will perform this comparison for low values of charges as it is clear that for very large values of charges this constant will not play a relevant role. Such a comparison for low values of charges of the one loop statistical entropy function with the exact entropy was made for the un-orbifolded K3 × T 2 compactification in [6] and later in [10] . It was seen that the statistical entropy function at one loop agrees with the exact entropy to 2% even for the lowest admissible charge. We will extend this comparison for all the orbifolds g listed in table 1. We will see that the constant C 1 is non-trivial and depends on the orbifold and contributes crucially towards S (1) stat 2.1Φ k and the constant C 1
In this section we determine the constant C 1 which occurs in the modular transformation relatingΦ k andΦ k (2.15). We will first follow the first principle method which definesΦ k in terms of the a 'threshold integral' relating it to the formΦ k and obtain C 1 . We then perform a simple cross check, by using the factorization property ofΦ k given in (2.16). Before we proceed we simplify the modular transform relating these Siegel modular forms. We can also write (2.15) as
Here we have defined
and its inverse
Using this invariance we can re write the modular transformation (2.21) as
To avoid cluttering, we will now refer to (ρ ,σ ,ṽ ) as (ρ,σ,ṽ). The constant C 1 can be found by examining the construction of Siegel modular formsΦ k andΦ k using 'threshold integrals'. ForΦ k we consider the integral are found by expanding the twisted elliptic genus as
We can use the method of orbits to evaluate this integral as done in [19] and we obtainĨ
where γ E is the Euler-Mascheroni constant. Now lets go over to the modular formΦ k . From the Sp(2, Z) transformation given in (2.25) we see that this is equivalent tõ
From this transformation and from the threshold integral in (2.26) we see that we can obtainΦ k by the following replacements
Therefore to constructΦ we can consider the integral
Examining the integrals and using the relation between the coordinates we can see thatÎ
In fact using a similar analysis one can also verify the invariance of ofΦ under the transformation given in (2.24). Evaluating the integral through the method of orbits we obtain
The details of the evaluation of the threshold integral again follow the methods of [19] . However since we are interested in keeping track of the constant in the last line of (2.35) we give some of the details of this in the appendix A Using the equality (2.34) and substituting the modular transformation (2.31) in equations (2.30) and (2.35) we find that
It is clear that this approach does not fix the phase we have chosen in the modular transformation (2.15). To fix this phase and also perform a cross check on C 1 , let us examine the relation given (2.15) in theṽ → 0 limit. From the product representation ofΦ k given in (2.3) we can show thatΦ k factorizes as
where g(ρ) and h(σ) are modular forms of weight k +2 transforming under subgroups of Γ 0 (N ). The list of these forms for each theΦ k corresponding to the orbifolds considered in this paper is given in table 4. Table 4 :
Conjugacy Class
Taking the limitṽ → 0 in (2.15), we obtain
From the list of the weight k + 2 forms g given in table 3 we see that all g obey the property
Now from substituting (2.40) into (2.39) we confirm that C 1 is given by (2.37).
Comparison with statistical entropy at one loop
We compare the logarithm of the degeneracy obtained from the Fourier expansion given in (2.1)
and the statistical entropy at one loop which is given by
We perform this comparison for all the orbifolds g listed in table 1 for low value of charges. It is easy to evaluate the logarithm of the degeneracy by performing the Fourier expansion in Mathematica for low value of charges. Then the comparison with the statistical entropy is done both with and without constant − ln(N C 1 ). We see that for low values of charges, the constant is crucial in bringing the agreement of the statistical entropy to within a few percent of the actual degeneracy.
In the tables below δ and δ are defined as follows
Thus δ measures the percentage difference from S stat without the constant − ln(N C 1 ) in the statistical entropy at one loop. We list the comparisons for orbifolds of the order N where N is prime first and then move to the non-prime cases. ( 
Exponentially suppressed corrections: the 2A orbifold
In section 2.2 we have compared the contribution of the leading saddle point to the exact degeneracy We have shown that the constant C 1 present in the modular transformation (2.15) contributes substantially to the statistical entropy at low values of charges for the orbifold theories. In this section we show that this constant is also important in the sub-leading saddles which are exponentially suppressed compared to the leading saddle. For this purpose we will study 2A orbifold, a similar analysis also applies for all the other orbifolds g listed in table 1.
In [10] the first sub-leading saddle was analysed for the un-orbifolded theory of type II K3 × T 2 . We generalize this analysis to the case of an orbifold of order N . Starting from the degeneracy formula (2.1) and using the symmetry (2.13) and a change of variables we obtain the following
The contour is same as that given in (2.2). Note, however the change in the arguments of the exponent. The saddle points of the integral occur at zeros ofΦ k . These occur at the following hyper surfaces
From the product representation of the modular formΦ k it can be seen that it is invariant under the transformationsρ →ρ + 1,σ + N,ṽ →ṽ + 1. Applying these transformations, we can bring the locations of the points which characterize the hyper surface in (2.45) to
Then m 2 is obtained by solving the last equation in (2.45).
Let us now specialize to the case of N = 2 and the second saddle n 2 = 2. Then using the conditions in (2.46), the points that characterize the hyper surface on which the zeros ofΦ k lie are given by
Here the subscript i = 1, · · · 8 labels the solution in the order written in the above equation. For illustration, the location of the first zero of the second saddle n 2 = 2 is given by the equation
We now need to obtain the Sp(2, Z) transformation that allow us to determine howΦ k behaves close to these zeros. Let write the Sp(2, Z) transformation more formally. We define the symplectic matrix
From examining this transformation we can see that (2.21) is written as
Note that the expression forv in terms ofṽ does not coincide with any of the zeros we have in the list (2.47). We need the transformation such thatΦ k is evaluated at these zeros. For this, we perform a further Sp(2, Z) transformation that keepŝ Φ k invariant. Then the transformation is restricted to the following sub-group G of Sp(2, Z) defined by [10]
then we define
Now combining (2.51) and (2.54) using the group property we obtain
where
We can use the additional degree of freedom of performing a transformation within the sub-group G defined in (2.52) so thatv as a function ofṽ coincides with the locations of the zeros given in (2.47). We construct U as follows:
1. First take U 1 to be any 4 × 4 matrix and evaluate
Evaluate the action of
Demand that the equation forv = 0 in terms ofṽ coincides with the zeros given in (2.47).
3. Impose the conditions that result from Sp(2, Z) on U 1 .
4. Examine the resulting equations and finally impose the conditions of the subgroup G given in (2.52) on U 1 .
These steps can be implemented in Mathematica and the final expression forΩ written in terms ofΩ for each the locations of the 8 zeros in (2.47) are given bŷ
We can now find the behaviour of theΦ k at these zeros. Using the transformation in (2.55) and the factorization property ofΦ k in (2.16), we find that
Since we are restricting our attention to the 2A case, k = 6 and g(ρ) = η 8 (ρ)η 8 (2ρ). In the above equation for each of the zeros we have to substitute the corresponding value ofρ,σ,v in terms ofρ,σ,ṽ and the value of CΩ+D can also be read from (2.58). The next step is to perform the contour integral overṽ in (2.44), which will pick up the residue at the double pole atv = 0. Then perform the saddle point integration overρ andv. To the leading order the saddle point is obtained by minimizing the exponent in (2.44) given by E = −πi(ρP 2 +σQ 2 + 2ṽQ · P ) (2.60) subject to the constraint of the location of the zero given in (2.45). The result for the saddle point is given by
Repeating the analysis of [10] for the and keeping track of the differences for the case of 2A we see that the value at the sub-leading saddle including the one loop corrections is given by
Here n 2 = 2, k = 6, and g(ρ) = η 8 (ρ)η 8 (2ρ) and N = 2. The constant C 1 is given by C 1 = 2 4 ;ρ,σ as well as det(CΩ + D) are evaluated by examining the matrices given in (2.58) for each of the 8 saddles. This dependence on the zeros ofΦ k is indicated by the subscript 'i'
6 . The complete contribution of all saddles at n 2 = 2 is given by
We have listed the contributions to the 2nd saddle to the degeneracies for a few low lying charges of dyons in the 2A orbifold in table 16. 
19.751 91.058 1679.22 895.668 0 83807.5 63637.7 Table 16 : Contribution of the second saddle to the degeneracy: ∆d(Q, P ) for 2A orbifold
We mention two consistency checks on evaluating the correction to the degeneracies at the second saddle. The contribution to the degeneracy from the second saddle ∆d(Q, P ) has to be real, however the contribution from each of ∆d(Q, P )| i need not be real. One of the checks is that on summing the contribution of the 8 saddles we obtain a real number. The second check is that the solutions of the matrices given in (2.58) are not unique. For example for 5th solution it is also possible to choose the matrix consistent with all the requirements discussed earlier.
(2.64)
However we have explicitly verified that the correction ∆d(Q, P ) 5 is independent of the choice of the matrixΩ 5 orΩ 5 for the charges listed in table 16 . Finally we mention that for the charge Q 2 = 3, P 2 = 6, Q · P = 3 the contribution to the second saddle vanishes. Such a property was also observed for the un-orbifolded theory in [6] .
In conclusion the observation that the constant C 1 is an important factor of all the saddle points, not just the leading one at n 1 = 1. It also occurs in the modular transformation relatingΦ k to all the other saddle points. We have demonstrated this for the 2A orbifold and for the saddle at n 2 = 2, but it is clear from the derivation that it will persist for all the other sub-leading saddles as well the other orbifolds.
Implications of the constant C 1
We briefly discuss the implication of the presence of the non-trivial constant C 1 in the one loop saddle point approximation to the entropy S (1) stat . In the large charge limit, the 1/4 BPS dyon can be described by an extremal black hole with the same charge (Q, P ). We can evaluate the Wald's generalization of the Bekenstein-Hawking entropy to this black hole. This is done by considering the four derivative correction to the effective action of the N = 4 string theory given by the Gauss-Bonnet term
where a, S is the axion and dilaton respectively in the heterotic description of the theory. Using the analysis of [20, 21] we can compute the function φ. It is given by
Here g is the same function that occurs in the statistical entropy function given in (2.19) and listed in table 3 for all the orbifolds. However the constant present in (2.66) cannot be fixed. This is because the a constant coefficient in the Gauss-Bonnet term is a total derivative and therefore does not affect the equations of motion. The evaluation of the Gauss-Bonnet term is done through a string amplitude calculation which can determine the effective action only up to on shell terms. A constant in Gauss-Bonnet cannot be determined using this procedure. Now going evaluating the Wald entropy of the extremal dyonic black hole, one obtains the same minimizing problem as encountered in (2.19) . That is
The Wald entropy is given by
Therefore the undetermined constant in the Gauss-Bonnet term turns out to be the O(Q 0 , P 0 ) term in the Wald entropy. Thus it is cleat that a string amplitude calculation will not be able to fix this constant coefficient in the Gauss-Bonnet term.
Recently beginning with the works of [22, 23] the method of localization in AdS 2 × S 2 has proposed to evaluate the entropy of these black holes exactly from a geometric description. All of the works so far address only the un-orbifolded theory of compactification on K3 × T 2 . From the analysis in this paper it is clear that the constant C 1 substantially contributes to the entropy at low charges for all the orbifolds. We see that it is a O(Q 0 , P 0 ) term. The method of localization is exact and is hoped that partition functions agree with the microscopic description at finite order in charges. Therefore an important test for the method of localization is to reproduce this constant C 1 . 
The Fourier-Jacobi coefficients ψ m after multiplying by η 24 (τ ) are meromorphic Jacobi forms of weight 2 and index m. Note that the Fourier-Jacobi coefficients count degeneracies for a given magnetic charge of the dyon. In [11] it was shown that the Fourier-Jacobi coefficients ψ m for m > 0 admits the following unique decomposition
in which the polar part ψ P m (τ, z) has the same pole structure in the z-plane as ψ m (τ, z) and ψ F m (τ, z) has no poles. The polar part is given by the following Appell-Lerch sum
The Appell-Lerch sum exhibits wall-crossing and therefore ψ In this section we generalize these observations for the partition function of dyons in type II compactifications on K3 × T 2 /Z N , where the orbifold is performed by the action of g given in table 1. This observation is made for the 2 lowest values of magnetic charges. In this case ψ m after multiplying by an appropriate Γ 0 (N ) form are meromorphic Jacobi forms under Γ 0 (N ). We will begin with the case of 2A and then move to all the other orbifolds.
The 2A orbifold
The relevant Siegel modular form for the 2A orbifold isΦ 6 . In the product form given in (2.3), the input required for its construction is given by the twisted elliptic genus of the 2A orbifold which is given by
Here A and B are defined in (2.6) and E N is defined as
Using the expansions of the twisted elliptic genus c (r,s) as defined in (2.4) we can constructΦ 6 . It is easy to see that for the 2A orbifold, the expansions for the inverse ofΦ 6 is given by 1
. Note that the expansion in terms of the magnetic variable y can now take half integral values. Furthermore from (2.1) we see that m is related to the magnetic charge by P 2 = 2m. From the explicit construction of Φ 6 and the expansion in terms of y, we can read out the following
We define
The next step is to follow the procedure of [11] and write down an Appell-Lerch sum whose poles and residues coincide with the weight 2 Jacobi forms transforming under Γ 0 (2) on the left hand side of (3.7). We do not consider m = −1, since the Appell-Lerch sum diverges. This is easy to see, because the meromorphic Jacobi form 1/B(2τ, z) is identical to the function for the un-orbifolded theory with the replacement of τ → 2τ . P 2 = 0, m = 0 Let us examine the case m = 0. Using the expression for the twisted elliptic genus in (3.4) we see that it reduces to
Now we can re-write
where E 2 is the non-holomorphic Eisenstein series of weight 2. This identity was used in [11] 9 . Combining (3.9) and (3.10) we see that that the polar and the finite part is given by
Therefore we have decomposed the meromorphic Jacobi form that occurs in the expansion (3.6) at m = 0 to a polar part and a finite term. The finite term contains the mock modular form E 2 (2τ ) as well as E 2 (τ ) both of which transforms under Γ 0 (2) with weight 2. P 2 = 2, m = 1 The first step in the analysis of the meromorphic Jacobi from that occurs at m = 1 is to use the equations in the expression of the twisted elliptic genus (3.4) to obtain −g (8) (τ )ψ 1 = 44 9
It is more convenient to convert the ratios of theta functions in (3.12) to Jacobi forms A and B. For this we use the identities
Thus 3.12 becomes
It is clear from this expression that polar terms arise from the meromorphic Jacobi forms A 2 (2τ, z)/B(2τ, z) and A(τ, z)/B(2τ, z) of weight 2 transforming under Γ 0 (2) with index 1/2. We can use the following identity derived in [11] to re-write A 2 (2τ, z)/B(2τ, z) into an Appell-Lerch sum and a mock modular form
Here H is the simplest Jacobi mock modular form defined by the Hurwitz-Kronecker class numbers
The coefficients H(n) are defined by
What remains is to figure out how to write the meromorphic Jacobi form A(τ, z)/B(2τ, z) as a polar part and a finite term. Note that the location of the poles of order 2 lie precisely at the same point as the form A 2 (2τ, z)/B(2τ, z). Further more some bit of analysis shows that the residue at the double pole and the simple pole of 3
is precisely equal to the corresponding residues of A 2 (2τ, z)/B(2τ, z). A bit more study show that we can derive the following identity satisfied by the meromorphic Jacobi forms
Further more we have the identities
Now substituting (3.20) , (3.21) in (3.15) we obtain −g (8) (τ )ψ 1 = 52 9
-28 -Finally using the expansion in (3.16) and the identities in (3.21) we obtain
From the final expression for the finite part ψ F 1 we see that the relevant mock modular forms is the one constructed from the Hurwitz-Kronecker class numbers. It is the "optimal" choice for the mock modular form. This is because the Fourier coefficients of q n y l of the expansion of H(q, z) grow polynomially in 4n − l 2 .
One important observation from our analysis at m = 1 is that that there existed a different meromorphic Jacobi form A(τ, z)/B(2τ, z) at the intermediate steps of our analysis. However the identity (3.20) related it to the form A 2 (2τ, z)/B(2τ, z). We could then use the identities obtained by [11] to obtain the polar and finite parts of the Fourier-Jacobi coefficient of 1/Φ 6 (ρ, σ, v) at m = 1. Though we demonstrated this feature only till m = 1, our preliminary analysis indicates that this persists in the expansion at higher magnetic charges and the identities obtained by [11] are sufficient to obtain the mock modular forms that determine the polar and the finite parts.
Other orbifolds
In this section we study the Fourier-Jacobi coefficients of 1/Φ k of all the other orbifolds listed in table 1. Our objective is to demonstrate that the mock modular forms which determine the finite part of the Fourier-Jacobi coefficients till m = 1 is that same as that for the un-orbifolded theory. The Fourier-Jacobi coefficients of 1/Φ k are defined as
We restrict our analysis to m = −1, 0, 1. The first step is to use the product form given in (2.3) to obtain ψ (g ) m . We divide our analysis for g whose order N is odd and g whose order is even.
g with order N odd This case includes the orbifolds pA with p = 3, 5, 7, 11 and 15A and 15B. From the product form given in (2.3) we obtain
,
Here the Γ 0 (N ) form g (k+2) (τ ) of weight k + 2 for each case can be read out from the table 3. The weights can be read out from table 2. For example for pA it is given by g (k+2) (τ ) = η k+2 (τ )η k+2 (pτ ). Now we can use the from of the twisted elliptic genus in (2.5) to separate out the meromorphic Jacobi form. For m = 0 we obtain
Recall the constants α (τ ) are read out from the explicit computation of the twisted elliptic genus for all the orbifolds in table 1 from [9] . Using the identity in (3.10) we see that the polar and the finite parts of ψ 0 are given by
For m = 1 we use the identities in (3.13) to isolate the meromorphic Jacobi form of weight 2 and index 1/N transforming under Γ 0 (N ). This results in
From the above expression, we see that the only meromorphic Jacobi form is is the term with A 2 (N τ, z)/B(N τ, z). We can use the identity in (3.16), to write this form as a polar part and a finite term. Also we can see that the rest of the terms in (3.27) can in principle be written in terms of Jacobi forms transforming under Γ 0 (N ). The polar term is given by
It is not illuminating to write the finite term explicitly, but it can be written down if needed. We note that the mock modular form that appears in the finite term is essentially the Hurwitz-Kronecker class numbers H(N τ, z).
g with order N even
Here we deal with the orbifolds belonging to class 4B, 6A, 8A, 14A, 14B. Again examining the product representation (2.3) we obtain
Comparing the m = 0 expression with that of (3.24) we see that this is same as that when N is odd. Therefore the analysis proceeds identically and we obtain (3.26) for the polar and the finite part. For m = 1 all the orbifolds with N even yield different expressions
Again using the expression for the twisted elliptic genus in (2.5) as well as the identities (3.13) we can isolate the meromorphic Jacobi-form that occurs for each of these cases. We write this as
The Jacobi-form φ g (τ, z) for each of the orbifolds is given by
From (3.30) and (3.31) we see that the only meromorphic Jacobi forms that occur in the expansion at m = 1 are A 2 (N τ, z)/B(N τ, z) and A(N τ /2, z)/B(N τ, z). Therefore we can use the identity in (3.20) to first convert the form A(N τ /2, z)/B(N τ, z) to the form A 2 (N τ, z)/B(N τ, z) and then use the the identity in (3.16) to obtain the polar and the finite term. All these manipulations can be done explicitly if necessary. It is clear that the mock modular form that occurs at m = 1 in the finite part is again the Hurwitz-Kronecker class number H (N τ, z) .
In conclusion we have written the the Fourier-Jacobi coefficients that occur at levels m = 0, m = 1, that is magnetic charge P 2 = 0, 2 as a polar part and a finite part for all the orbifolds in table 1. We have shown that the Mock modular forms that occur in the finite term are E 2 (N τ ) and the Hurwitz-Kronecker class numbers H(N τ, z) for these levels. There are identities that allow us to use the results of [11] to obtain the finite terms though we are dealing with forms that meromorphic Jacobi forms that transform under Γ 0 (N ). Most likely this pattern persists at higher levels in the magnetic charge expansion. It will be interesting to explore this further.
Toroidal orbifolds
In this section we study N = 4 string theories originally constructed by [13] . These involve compactification of type IIB string theory on T 6 with a reflection along 4 of the co-ordinates together with a 1/2 shift along one of the remaining circles. The type IIA description of the theory is that of a freely acting orbifold with the action of (−1) F L and a 1/2 shift along one of the circles of T 6 . For details of these two descriptions and the dyon configuration in this theory see [19] . A similar compactification but in which the reflection in the 4 directions along the T 4 in type IIB theory is replaced by 2π/3 rotation along one two dimensional plane of T 4 and a −2π/3 rotation along the other two dimension place together with a 1/3 shift along one of the circles of the remaining T 2 was also discussed in [19] . We will call these models Z 2 and Z 3 toroidal orbifolds. The dyon partition function for these model is given by the same expression as in (2.1) but the Siegel form given bỹ
Note the difference in the factor on the first line in comparison with (2.3). The coefficients c (r,s) are read out from the following twisted elliptic genus for the Z 2 toroidal orbifold.
2)
Since this twisted elliptic genus is closely related to the 2A orbifold given in (3.4) with F (0,0 set to zero and the remaining indices multiplied by a factor of 2. The corresponding Siegel form is of weight k = 2 and can be written as
HereΦ 6 is the weight 6 Siegel modular form associated with the 2A orbifold. For the Z 3 toroidal orbifold the twisted elliptic genus is given by
Note that F (r,s) are defined with r, s mod 3. The Siegel modular form associated with the the Z 3 toroidal orbifold is of weight k = 1 and is given bỹ
(4.5)
In [15] it was argued that the index d(Q, P ) as defined in (2.1) must be positive for single centered black holes 10 . The argument relied on the fact that single centered black holes are spherically symmetric and therefore carry zero angular momentum. The only source of signs in the index d(Q, P ) for single centered black holes then arise only from fermionic zero modes associated with a 1/4 BPS state. This results in the d(Q, P ) being positive. This conjecture was verified for the orbifolds pA with p = 2, 3, 5, 7 in [15] . In [9] the conjecture was verified for all the orbifolds listed in table 1 which includes the CHL orbifolds 4B, 6A, 8A as well as the non-geometric orbifolds associated with the class 23A/B and classes 2B, 3B which lie in the Mathieu group M 24 . However it was noticed in [9] that Siegel modular forms associated with certain twisted elliptic genera written down in [24] did not satisfy the conjecture
11
These twisted elliptic genera satisfied the property
At present there are no known string compactification which results in the twisted elliptic genera written down by [24] 12
In this section we show that even the toroidal Z 2 , Z 3 orbifolds defined above which admit a string compactification as well as a construction of dyons do not satisfy the positivity conjecture for the index d(Q, P ) for single centered dyons at low values of charges. This suggests that these single centered dyons are not spherically symmetric and possibly admit hair modes which contain additional fermionic zero modes. We identify the single centered dyon by both the constraints given in [15] as well as subtracting the polar part in the meromorphic Jacobi-form that occurs at a definite magnetic charge.
Z 2 toroidal orbifold
The Z 2 orbifold compactification involves a 1/2 shift on one of the circles of T 2 . Thus the SL(2, Z) symmetry of the torus is broken down to Γ 0 (2), which is now the duality symmetry of the dyon system. In [15] the positivity property of d(Q, P ) was studied for for the 2A orbifold was studied and the conditions for the single centered black hole was identified. To arrive at these conditions only the Γ 0 (2) duality symmetry of the dyon system was used. Since the duality symmetry of the Z 2 toroidal orbifold is also Γ 0 (2), the conditions will remain same. The conditions for the single centered black hole are given by
Later in this section we will also identify single centered dyons by subtracting out the the polar part int the meromorphic Jacobi-form that occurs at a definite magnetic charge. We will see that the conditions in (4.7) and even more restrictive than the identifying single centered dyons by removing the polar part. Using either of these conditions we note that for low charges and satisfying the the conditions (4.7), that is single centered dyons, there are cases in which the positivity conjecture of [15] ) is violated.
Let us first list the some of the violations. Tables 17, 18 19 list out the degeneracy d(Q, P ) for small values of Q 2 , P 2 with Q · P = 0, 1, 2 respectively. The charges corresponding to single centered dyons in the range (4.7) and violating the positivity conjecture are marked in bold. Let us again confirm that the charges as well as the degeneracies which are violating the positivity conjecture for d(Q, P ) is that of the single centred black hole. For this we study the Fourier-Jacobi coefficients that occur at for low but fixed magnetic charges but arbitrary electric charge and angular momentum. Thus we look for the expansion 1
Note that the expansion in terms of the magnetic variable y can take half integral values but cannot be negative. Here also m is related to the magnetic charge by P 2 = 2m. From the product form ofΦ 2 given in (2.3) constructed using the twisted elliptic genus in (4.2) we obtain
(4.10)
We re-write the meromorphic Jacobi form ψ 0 and psi 1 corresponding to magnetic charges P 2 = 0, P 2 = 2 as a polar part and finite term. According to [11] , the finite term is to be identified as the partition function of single centred dyons. We perform this decomposition for m = 0 and m = 1.
Now we examine the case m = 0. Using the expression for the twisted elliptic genus in (4.2) we see that it reduces to
Combining (3.9) and (4.11) we see that the polar and the finite part is given by
12)
The finite part is certainly not of definite sign. Examining the numerator we see that each of the terms are of the same sign. This is because
where σ(n) is the divisor function of n. However due to the presence g (4) (τ ) in the denominator the signs of the terms in the q expansion are not definite. We can contrast this situation with the 2A orbifold. The finite part for the meromorphic Jacobi form for the 2A orbifold at m = 0 is given by (3.11) which by the same analysis is manifestly of a definite sign.
Let us also examine what is the effect of the subtraction of the polar part to the degeneracy d(Q, P ). For this recall the degeneracy is evaluated by extracting out the Fourier coefficients using the contour (2.2). This implies that we expand the polar part as follows
This is because from the contour in (2.2) and using the definitions in (3.1) we see that |q| << 1 , 1/|y| << 1 and |q n y| << 1, |q n /y| << 1. In each of the above lines we can further expand the denominators in q. Thus we see that subtraction of the polar part at m = 0 affects only the d(Q, P ) with Q · P ≥ 1 or Q · P ≤ −1 with P 2 = 0. Thus the degeneracies with Q · P = 0, P 2 = 0 are not affected by the subtraction of the polar part. This implies that the list of degeneracies in the first column of table 17 is that can be obtained from the q expansion of the the finite term Ψ F 0 . This can be verified explicitly and indeed the terms have the sign which is given by (−1) Q 2 . However note that according to the domain of charges given in (4.7) the charges with satisfy Q · P = 0 are not single centered. Therefore we see that the the domain (4.7) is a more restrictive definition of single centered black holes. However the Fourier coefficients of ψ F 0 is not of the same sign for the Z 2 toroidal orbifold.
Using the expression of the twisted elliptic genus (4.2) we can write the meromorphic Jacobi from that occurs at m = 1 in (4.9). This results in −g (4) (τ )ψ 1 = 16 9
We can use the identity in (3.16) to extract out the polar and the finite parts of ψ 1 . This results in
Note again the appearance of the Hurwitz-Kronecker class function H. Let us examine if the sign of the Fourier coefficients of the finite part ψ 
Therefore subtraction of the polar part at m = 1 affects d(Q, P ) with P 2 = 2 and Q · P ≥ 3 or Q · P ≤ −1. Thus the degeneracies in listed in the second column of tables 17, 18 , 19 are unchanged by the subtraction, and therefore equal to that given by the finite part ψ F 1 . We have verified this explicitly, in fact this is within the domain given in (4.7). Also in [11] it was argued that the finite part captures the degeneracies of the single centered black hole. It is clear from the second column of the tables 17, 18, 19 that the signs violate the positivity conjecture.
Further more note that from the tables for P 2 = 2 and Q · P ≤ 2 we see that the sign is d(Q, P ) is given by (−1) Q 2 . This can be seen also analytically by writing ψ 1 in terms terms of its product form. Using the form of ψ 1 given in (4.9) and writing all the modular forms in terms of their product representation we obtain
Here
From the above equation it is evident that the sign of the coefficient of odd or even powers of q is independent of the power of z. This implies that no matter what is the value of Q · P , the sign of the coefficient of q n is given by (−1)
n . This is what is seen in the tables 17, 18, 19 for Q · P = 0, 1, 2 respectively. In fact this analysis shows that the positivity conjecture is violated for infinite values of Q 2 in with Q · P = 0, 1, 2 and P 2 = 2. Note that these charges satisfy the condition (4.7). As argued above they are also counted in ψ The violation of the sign of d(Q, P ) with P 2 = 2, 4 for the case of single centered dyons suggest that these states might have fermionic zero modes as hairs. This was one of the options provided in [15] if the positivity conjecture fails. As further evidence of possible other degrees of freedom, we evaluate the leading saddle point statistical entropy at one loop for charges satisfying the condition (4.7) and therefore single centered. We then compare it to the exact degeneracy obtained by evaluating the Fourier coefficient d(Q, P ). Going through a similar analysis as in section 2 for the Z 2 toroidal orbifold, we find that the statistical entropy at one loop is given by
The reason that there is a replacement of Q → P/ √ 2 and P → Q √ 2 compared to (2.42) is that Siegel modular formΦ 2 does not posses the symmetry in (2.13) which is obeyed by the modular form corresponding to the orbifolds of K3 × T 2 Note that we have also evaluated the constant C 1 in the statistical entropy function. This was done using the relation obeyed byΦ 2 in (4.3).
We now compare the one loop statistical entropy in (4.18) to the exact degeneracy which is obtained from extracting the Fourier coefficients using (2.1) in table 20 . The charges chosen are in the range (4.7). Therefore they are single centered, they also obey the property that d(Q, P ) is positive. We note that there is a set of charges for which the one loop statistical entropy is off from the exact degeneracy by over 75%. There is also a set of charges for which the statistical entropy agrees with the exact degeneracy to within 2%. The fact that there is a set of small charges for which the deviation from the one loop statistical entropy is high certainly indicates that we need to understand the geometric description for dyons in these theories better. 3B(3τ, z) η 3 (τ ) η 9 (3τ ) , (4.21) (1,0) ).
Rewriting these in terms in the Jacobi forms A, B we obtain
A(3τ, z) B(3τ, z) + 1 12 Note again since only the meromorphic forms A(3τ, z)/B(3τ, z) and A 2 (3τ, z)/B(3τ, z) occur. We can use the identities (3.10) and (3.16 ) to obtain the polar and the finite part for these ratios respectively.
Conclusions
We have observed three properties of 1/4 BPS dyons in N = 4 theories at low charges. We have seen that the constant C 1 contributes crucially to the entropy at low charges. As we have discussed in section 2.4 reproducing this constant using the method of localization proposed in [22, 23] will be interesting to pursue. In fact all the present works in this direction do not address the Z N orbifolds of K3 × T 2 . We have extended the observations of [11] . We showed that the for all the orbifolds considered in this paper, we can decompose the meromorphic Jacobi form that occurs in the Fourier-Jacobi decomposition of the inverse of Siegel modular forms in to a polar part and a finite part which involves a mock modular form. This has been done to magnetic charge P 2 = 2. We have seen that the mock modular form that occurs is same as that occurred in the un-orbifolded theory to this order in magnetic charge. It will be interesting to go to higher levels in magnetic charge and see if this is always the case.
Finally we have observed a infinite set of violations of the positivity conjecture for the Fourier coefficient of the inverse Siegel modular form [15] . This was seen for the case of Z 2 toroidal orbifold. We have demonstrated that the charges which violate the conjecture are single centered. Therefore according to the arguments of [15] it is possible that these violations might be due to the presence of hair. It will be interesting to understand this more precisely. Violations of the positivity conjecture was also seen for the Z 3 toroidal orbifold.
constants and that too the difference of the constants that occur in the integralĨ of (2.26) and the integralÎ. Constants can arise in the zero orbit and the degenerate orbit. In the zero orbit here we have A = 0 therefore
r,s F (r,s) (τ, 0).
Performing this integral, for all the orbifolds in table (1) we see that the constant that arises here is same as that of the un orbifolded K3 and equal to the constant that arises in the zero orbit of theĨ integral. Lets now examine the degenerate orbit.
Here the matrix A is given by
The integration region in the degenerate orbit is the strip given by
Apart from the moduli dependent terms and the constant −2k ln κ as in the integral I there is an additional constant due to the contribution from the twisted sector. The twisted sector does not contribute in the zero orbit of theĨ integral. Furthermore from (A.2) the only τ 1 dependence arises from the q expansion of the twisted elliptic genus. Note that since n 2 = 0, we obtain a sum over s. Then it can be seen that the twisted elliptic genus obeys the property From the explicit evaluation of the twisted elliptic genus in [9] we list the values of N −1 s=0 c (r,s) (0) for each twisted sector in different orbifolds of K3 given in table 1.
Again from the list given in = −(4 ln 6 + 4 ln 3 + 4 ln 2) = −8 ln (6) = −2(k + 2) ln 6.
Similarly for 8A orbifold we get, Similarly one can perform this computation for the orbifolds 14A and 15A resulting in C = −2(k + 2) ln 14 and C = −2(k + 2) ln 15 respectively. It is interesting to note that though the sums initially seems different for all the different orbifolds, they all yield C = −2(k + 2) ln N . This concludes our derivation of the additional constant C in (2.35).
